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1 Introduction 



An instanton in gauge theories is a topologically nontrivial solution described by a self-dual or anti- 
self-dual connection with a finite action. Such instantons play an important role in the nonperturbative 
dynamics of gauge theories, in particular, to understand the vacuum structure of quantum field the- 
ories [[D. One of the most powerful uses of instantons in recent years is in the analysis of strongly 
coupled gauge dynamics where they play a key role in unraveling the plexus of entangled dualities 
that relates different theories. One of the highlights is the remarkable theory of Seiberg and Witten 
[|2l which determines the low-energy behavior of A/" = 2 supersymmetric gauge theories exactly. In 
M = 2 supersymmetric gauge theories, the instantons lead to quantum corrections for the metric on 
the moduli space of vacua. 

A semi-classical evaluation of the path integral requires us to find the complete set of finite-action 
configurations which minimize the Euclidean action. In pure Yang-Mills theory, the complete set of 
self-dual gauge fields of arbitrary topological charge k can be obtained by solving some quadratic 
matrix equations, known as the Atiyah-Drinfeld-Hitchin-Manin (ADHM) equations Ol, which are 
a set of nonlinear algebraic equations constraining a matrix of moduli parameters. It can be shown 
||4l that the functional integral in the semi-classical approximation reduces to an integral over the 
instanton moduli space in each instanton sector. In principle the low-energy effective action can also 
be calculated from first principles via conventional semi-classical methods using instantons. 

It is known that the instanton calculus in supersymmetric theories is fully controllable when the 
theories are weakly coupled. This leads to the idea of testing the Seiberg-Witten theory by calculating 
the instanton effects and comparing these expressions with those extracted from the Seiberg-Witten 
curve. For reviews, see, for example, [|4l|51. Since the integral over a generic instanton moduli 
space is too complicated to be done directly, it was fully accomplished only recently by using the 
localization technique and considering the resolution of the instanton moduli space via the ADHM 
construction relevant to a noncommutative gauge theory Q . It has been checked |I3 that the results 
computed using the method of localization perfectly agree with the Seiberg-Witten solution for J\f = 
2 supersymmetric gauge theories. 

On the mathematical side, instantons lie at the heart of the recent works on the topology of four- 
manifolds (HI. In particular, Donaldson used the moduli space of instantons over a differentiable 
four-manifold to construct topological invariants of the four-manifold and showed that the moduli 
spaces of instantons often carry nontrivial and surprising information about the background manifold. 

One would like to extend the path integral approach to include gravitation. Although the Euclidean 
gravitational action is not positive-definite even for real positive-definite metrics, one can evaluate the 
functional integral by first looking for non-singular stationary points of the action functional and 
expand about them. Such critical points are finite action solutions to the classical field equations 
called "gravitational instantons," the gravitational analogue of Yang-Mills instantons These are 
defined as complete, non-singular, and positive-definite metrics which are self-dual or anti- self -dual 
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metrics of vacuum Einstein equations [fTO| . One can show ifTTIl that the self-dual or anti-self-dual 
metrics are local minima of the action among metrics with zero scalar curvature. 

In general relativity, the Lorentz group appears as the structure group acting on orthonormal 
frames in the tangent space of a Riemannian manifold M [fT2]| . Under a local Lorentz transformation 
which is the orthogonal rotation group 0(4), a matrix-valued spin connection uj^b = ujM^sdx'^ 
plays a role of gauge fields in 0(4) gauge theory. From the 0(4) gauge theory point of view, the 
Riemann curvature tensors precisely correspond to the field strengths of the 0(4) gauge fields um'^b- 
(More details will be explained in Sect. 3.) Since the group 0(4) is a direct product of normal sub- 
groups SU (2) L and SU (2) r, i.e. 0(4) = SU (2) l x SU{2)r, the four-dimensional Euclidean gravity, 
when formulated as the 0(4) gauge theory, will basically be two copies of SU (2) gauge theories. 

As we summarized above, Yang-Mills instantons are important to determine the vacuum structure 
of quantum field theories and the ADHM construction provides a description of all instantons on in 
terms of algebraic data. One would expect that gravitational instantons play a similar substantial role 
in quantum gravity although the quantum aspect of general relativity has encountered long-standing 
difficulties because there is hardly any common ground between general relativity and quantum me- 
chanics. The well-known divergences in a quantum theory of gravity suggest that a field theory of 
gravity like as Einstein's general relativity is a purely low-energy or large-distance approximation to 
some more fundamental theory. Therefore, the gauge theory formulation of gravity may be helpful 
to glimpse some basic structures of such a fundamental theory because nonperturbative and quantum 
aspects about gauge theories are relatively well-known. 

Whereas gravity is different from gauge theory in several marked ways, underlying mathematical 
structures are very similar to each other in many ways [[TOl . See, for example, the Table 1 in [[T3l . It 
was shown ffT4l [TSl [T6l [TTl that certain classes of gravitational instantons such as the asymptotically 
locally Euclidean (ALE) and the asymptotically locally flat (ALE) hyper-Kahler four-manifolds can 
be constructed as a hyper-Kahler quotient of a finite-dimensional Euclidean spaceQ This construction 
is actually akin to the ADHM construction of Yang-Mills instantons on [|3l and has a natural 
interpretation in terms of D-branes in string theory. Moreover, the hyper-Kahler quotient construction 
of Yang-Mills instantons on an ALE or ALE space [|T9l l20l |2T1 l22l is a natural generalization of 
the original ADHM construction of instantons on flat space. The study of Yang-Mills theories on 
a curved manifold has recently received renewed attention because they are involved with effective 
field theories of D-brane and NS5-brane configurations Il23ll24l . 

Now our motivation of this paper has surfaced. In this paper and its sequels, we wish to go beyond 
a mere formal analogy between gravity and gauge theory and try to answer to the following questions: 

A. What is the precise relation between gravity and gauge theory variables? 

B. How much are they parallel? 

C. How is the topology of a Riemannian manifold M encoded into gauge fields? 

'a general construction of essentially all known deformation classes of gravitational instantons was recently reported 
inlH. 
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D. What are crucial differences? 

E. Can it be applied to examine a quantum nature of gravity? 

The paper is organized as follows. In Section 2, we will summarize Yang-Mills instantons on 
a curved four-manifold to set our notation and explain why Yang-Mills instantons on a Ricci-flat 
manifold is a solution of the coupled equations in Einstein- Yang-Mills theory. 

In Section 3, we will employ the decomposition in [|25l to explicitly realize that the Lorentz group 
0(4) is a direct product of normal subgroups SU{2)l and SU{2)r, i.e. 0(4) = SU{2)l x SU{2)rB 
It is then easy to show ll27l that the four-dimensional Euclidean gravity, when formulated as the 0(4) 
gauge theory, will basically be two copies of SU (2) gauge theories. In particular, it can be shown that 
one of SU (2)'s decouples from the theory when considering self-dual or anti- self -dual metrics called 
gravitational instantons. As a result, one can show that gravitational instantons satisfy exactly the 
same self-duality equation of SU (2) Yang-Mills instantons on the Ricci-flat manifold determined by 
the gravitational instantons themselves. Therefore, every gravitational instantons can be interpreted 
as self-gravitating SU (2) Yang-Mills instantons although the reverse is not necessarily true. This 
provides a powerful method to find a particular class of Yang-Mills instantons on a general self-dual 
four manifold. 

In Section 4, we will elucidate with explicit examples how it is always possible to find Yang-Mills 
instantons on a Ricci-flat manifold M using the prescription in Section 3 whenever a gravitational 
instanton solution is given. Our method vividly realizes the Charap-Duff prescription [|271 for SU (2) 
Yang-Mills instantons on a Ricci-flat manifold (see also Il28l ). We will easily reproduce already 
known solutions in literatures ll29l [30l [3T1 [32ll in this way and also find new Yang-Mills instantons as 
a byproduct. 

In Section 5, some issues about topological invariants for Riemannian manifolds will be discussed. 
In the gravity side, there are two topological invariants ||T0| known as the Euler characteristic x{M) 
and the Hirzebruch signature r(Af), while, in the gauge theory side, there is a unique topological 
invariant up to a boundary term given by the Chem class of gauge bundle. The correspondence 
between gravitational and Yang-Mills instantons then implies that the two topological invariants for 
gravitational instantons should be related to each other. We conjecture a possible relation between 
x{M) and r(M) by inspecting several known results in literatures ll33l[34l[35l . 

In Section 6, we draw our conclusions and discuss open issues for future works. 

Finally, we set up our index notation which is especially useful for the explicit calculation in 
Section 4; otherwise diverse spaces we are considering would lead to some confusions. 

Index notation We employ the following index convention throughout the paper: 

• M, N, P,Q, ■ ■ ■ = 1, ■ ■ ■ , 4 : world (curved space) indices, 

• A, B,C, D, ■ ■ ■ = 1, ■ ■ ■ , 4 : frame (tangent space) indices, 

• i, j, k,l, ■ ■ ■ = 1,2,3 : three-dimensional world indices, 

• i,j, /c, /,■■■ = 1, 2, 3 : three-dimensional frame indices, 

^See also l|26l for geometric aspects of the decomposition according to the group structure 0(4) = SU (2)^ x SU{2)if . 
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a, 6, c, c?, ■ ■ ■ = i, 2, 3 : SU (2) Lie algebra indices. 



2 Yang-Mills Instantons on Riemannian Manifold 

Consider a curved four-manifold M whose metric is given by 

ds^ = gMN{x)dx^'dx^ . (2.1) 
Let 7r : — M be an SU (2) bundle over M whose curvature is defined by 

F = dA + AAA = ^FMN{x)dx^^ Adx^ 

= ^(dMAN-dNAM + [AM,A^]yx'' Adx"" (2.2) 

where A = A^.j{x)T"'dx'^'^ is a connection one-form of the vector bundle E. The generators of 
SU{2) Lie algebra satisfy the relation 

[T", T^] = -2e^'"'T'' (2.3) 

where we choose an unconventional normalization TrT"T^ = —45"^ for later purpose. 

Let us introduce at each spacetime point in M a local frame of reference in the form of four 
linearly independent vectors (vierbeins or tetrads) Ea = E^Bm G V{TM) which are chosen to be 
orthonormal, i.e., Ea ■ Eb = 5ab- The frame basis {Ea} defines a dual basis E^ = E^jdx^^ E 
T(T*M) by a natural pairing 

{E^, Eb) = Si (2.4) 

The above pairing leads to the relation E^jEb = 5^- terms of the non-coordinate (anholonomic) 
basis in V{TM) or r(T*M), the metric (|2?T]) can be written as 

ds^ = 5abE^®E^ = 5ABEtiEfjdx^^ ®dx^ 

= guN^x) dx^' ® dx^ (2.5) 

or 

= 6^''Ea®Eb = 6^''E'/E^ dM®dN 



dsJ 



g^'''{x)dM®dM. (2.6) 



Using the form language where d = dx^^du = E^Ea and A = A^jdx^^ = AaE"^, the field 
strength (12.21) of SU (2) gauge fields in the non-coordinate basis takes the form 



dA + AAA = \fabE^ a E^ 

1 
2 



[EaAb - EbAa + [Aa, Ab] + Jab'^Ac) E^ A (2.7) 



where we used the structure equation 

dE"" = ^fBc^E'' A E^. (2.8) 
The frame basis Ea = E^^Om G T(TM) satisfies the Lie algebra under the Lie bracket 

[EA,EB] = -fAB''Ec (2.9) 

where 

Iabc = Ea E^{dMEj^c — QnEmc) (2.10) 

are the structure functions in (12.81) . 

Consider SU (2) Yang-Mills theory defined on the Riemannnian manifold (12.11) whose action is 
given by 

Sym = --^I d^x^g^^'g^'^^TiFMNEpQ. (2.11) 

The self-duality equation for the action (12.1 II) can be derived by observing the following identity 

If / i^RSPQ .2 1 f 

Sym = -^^^^^ / d''x^i:i[FMNTi^^^gMR9NsFpQ) Ttttt^ / ci'a;£^^'^^«TrFMivFpQ: 

(2.12) 

where 

^MNPQ 

the metric independent Levi-Civita symbol with e^'^^^ = 1. Note that the second 
term in Eq. (I2.12|) is a topological term (total derivative) and so does not affect the equations of 
motion. Because the first term in Eq. (12.121) is positive-definite, the minimum of the action (12.111 ) can 
be achieved by the self-dual gauge fields (instantons) satisfying 

I ^RSPQ 

Fmn = ±- ^ gMRdNsEpQ. (2.13) 
In the non-coordinate basis, the self-duality equation (|2.13|) can be written as the form 

Fab = ±]^eAB'^''FcD (2.14) 

with the field strength Fab = E^E^Fmn in (lO) . 

It is easy to check that the SU{2) instantons defined by (12.131) automatically satisfy the equations 
of motion 

g^'^'DMENP = (2.15) 
because we have the following relation from the self-duality (12.131) 

I ^QMNR 

g'^'^'DMFr.p = T7;9pq ^A/i^JVi? = (2.16) 

where we used the Bianchi identity for the SU (2) curvature (12.21 ). i.e. 

e^™D^FpQ = 0. (2.17) 
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The covariant derivative in (12.151) is with respect to both the Yang-Mills and gravitational connections, 



I.e. 



DmFnp — OmFnp — Tmn^Fqp — Tmp^Fj^iq + [Am, Fnp], (2.18) 



where Tmn^ is the Levi-Civita connection. 

Now the problem we pose here is how to construct instanton solutions satisfying (12.131) . Several 
questions immediately arise. Is it possible to find an instanton solution satisfying (12.131) on an arbitrary 
Riemannian manifold ? Or is there any constraint on the background manifold for the existence of 
Yang-Mills instantons ? What is the moduli space of SU{2) instantons defined on a given four- 
manifold M ? 

We think the above questions are still open. Nevertheless, there are several examples on Yang- 
Mills instantons defined on a curved four-manifold. For example, the famous ADHM construction 
on §4 a, Yang-Mills instantons on CP^ [|36l, H x (H = Poincare half-plane) [|33, ALE [[T9ll20| 
and ALF spaces [l2Tl|22l. Also many other solutions have been constructed so far [|38l[39l|40l. See, 
for example, [|4T1 l42l for a review and references therein. In particular, Taubes proved [|43l that all 
compact oriented four-manifolds admit nontrivial instantons. But recently it was shown ll44ll that there 
exists a noncompact four-manifold having no nontrivial instanton. So far, we do not have a general 
description a la ADHM of all instantons satisfying the self-duality (12.131 ). 

We will show that a large class of Yang-Mills instantons satisfying (12.131 ) or (12.141) can be solved 
by gravitational instantons. To be precise, we will show that every gravitational instantons satisfy 
the self-duality equation (12.131) for SU (2) gauge fields on a Riemannian manifold defined by the 
gravitational instanton itself. To prepare our setup, let us consider the case when SU (2) Yang-Mills 
and gravitational fields are both dynamically active. The total action is defined by 

S = Sym + Sg (2.19) 
where the Yang-Mills action Sym is given by (12.111) and the gravitational action is given by 

Sg = ^ J d^Xy/gR + surface terms. (2.20) 

The gravitational field equations read as 

Rmn — -QmnR = SuGTmn (2.21) 

with 

Tmn = ^^Tr ((7^«FmpF^q - ^^^FpqF^^) . (2.22) 

For an instanton solution satisfying Eq. (l2.13l) . the energy-momentum tensor (|2.22|) identically 
vanishes, i.e. Tmn = and then Eq. (l2.21l) enforces the vacuum Einstein equations 

Rmn = 0. (2.23) 
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Conversely, the reason that (anti-)self-dual Yang-Mills fields do not spoil Ricci-flatness of a manifold 
is due to the vanishing of the Euclidean energy-momentum tensor (I2.22I ). Our interest is to solve 
the coupled equations (12.131) and (12.211) simultaneously. Therefore, the four-manifold M in Eg. (12. 131) 
should be Ricci-flat, i.e., satisfying the vacuum Einstein equations (12.231) . 

3 Gravitational Instantons 

Under local frame rotations in 0(4), the vectors transform according to 

E^{x) ^ E^\x) = K^b{x)E''{x) (3.1) 

where A^b(x) G 0(4). The spin connections ijJm{x) then constitute gauge fields with respect to the 
local 0(4) rotations 

um AwmA"^ + A9a/A"^ (3.2) 
and the covariant derivative is defined by 

DmEa = duEA — Um^ A^B, 

DmE^ = duE^ + um^bE"". (3.3) 
The connection one-forms uj^b = ^m^b^x^' satisfy the Cartan's structure equations lfT2]| . 

= dE^ + uj^ B r\ E^ , (3.4) 

R^B = du^B + co'^cAou^B, (3.5) 

where are the torsion two-forms and W^b are the curvature two-forms. In terms of local coordi- 
nates, they are given by 

Tmn^ = QmE^ — OnE^j + ujm^bE^ — ujn^bEm, (3.6) 

RmN^B = du^N^ B — dNUJM^B + ^M^C^n''' B ~ ^N^C^m'^ B- (3-7) 

Now we impose the torsion free condition, Tmn^ = DmE^ — D^Efj = 0, to recover the standard 
content of general relativity, which eliminates cum as an independent variable, i.e., 

i^ABC = E^umbc = -^{Jabc "~ Jbca + Jcab) 

= -ujacb (3.8) 

where /abc are the structure functions given by (12.101) . The spin connection (13.81) is related to the 
Levi-Civita connection as follows 

^MN^ = (^m^bEaE^ + E^SmE^. (3.9) 
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Since the spin connection lomab and the curvature tensor Rmnab are antisymmetric on the AB 
index pair, one can decompose them into a self-dual part and an anti-self-dual part as follows Il25ll26ll 

UJMAB ^ A^M^^r^l^ + A^M^^^f^l^, (3.10) 

Rmnab = FmnVab + Hin^ab^ (3-11) 
where the 4 x 4 matrices rj'X^ and ff'^s for a = i, 2, 3 are 't Hooft symbols defined by 

% = Vij=e^], Ue{i,2,3}, 

Vh = vh = ^02- (3.12) 

Note that the 't Hooft matrices intertwine the group structure of the index a with the spacetime struc- 
ture of the indices A, B. We list some useful identities of the 't Hooft tensors [|25ll26ll 

Vab - 2 ^'^^ ' (3- 1-3) 

Vab'^Vcd' = ^AC^BD - SaD^BC ± ^ABCD, (3-14) 

£abcdV]de = T{SecVab'' + ^eaV^bc'' - ^ebVac"')^ (3-15) 
V^aNH' = 0, (3.16) 
&B^'' = S'''SAB + e^'^V^^^', (3.17) 

v'^U£'' = v'^WBt. (3.18) 
^'^"^^J/^S'^ = SacV^b^'' - SadV^b^"" - ^Bcvt^'' + SbdV^a<}'' (3.19) 

where r/J^]" = rj'X^ and r/^"/ = tj'Xb- 

Of course all these separations are due to the fact, 0(4) = SU{2)l x SU{2)r, stating that any 
0(4) rotations can be decomposed into self-dual and anti-self-dual rotations. To be explicit, for 
an infinitesimal 0(4) transformation, i.e., A^b(x) ~ 5^b + ^^b{x), we can take the following 
decomposition 

\ab{x) = X1^)ix)v% + Xl)ix)vlB (3.20) 

where A^_^^(x) and A^_^(x) are local gauge parameters in SU{2)l and SU{2)r, respectively. To be 
specific, let us introduce two families of 4 x 4 matrices defined by 

[TV\AB = vIb. [T-]ab ^ v'Xb- (3.21) 
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According to the definition (13.121) . the matrix representation of the generators in (13.211) is given by 
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(3.22) 



Then Eqs. (13.171) and (13.181) immediately show that satisfy SU{2) Lie algebras, i.e., 

According to the definition (|3.21l) . the self-duality (13.131) leads to the important relation 

[T'^AB = ±-Sab'^^[T^]cd- 



(3.23) 



(3.24) 



(3.25) 



The 't Hooft matrices in (13.211) are two independent spin s = | representations of SU (2) Lie 
algebra. A deep geometrical meaning of the 't Hooft symbols is to specify the triple (/, J, K) of com- 
plex structures of = as the simplest hyper-Kahler manifold for a given orientation. The triple 
complex structures (J, J, K) form a quaternion which can be identified with the SU (2) generators T| 
indXITl) II26H. 

Now we introduce an 0(4) -valued gauge field defined hy A = A^+^T^ + A^-^T^ where A^^^^" = 
A^^^°'dx^^ (a = 1, 2, 3) are connection one-forms on M and are Lie algebra generators of SU (2) l 
and SU {2)r satisfying (|3.24|) . The identification we want to make is then given by 



(3.26) 



Since the group 5*0(4) is a direct product of normal subgroups SU{2)l and SU{2)r, i.e. 50(4) = 
SU{2)i X SU{2)ji, we take the 4-dimensional defining representation of the Lorentz generators as 
follows 



[J 



ABi 



ICD = livUnhn + vlnncD 



VabVcd + VabVcd 



(3.27) 



where and T" are the SU (2) l and SU (2) r generators given by Eq. (13.211) . It is then easy to check 
using Eqs. (13.241 ) and (13.191 ) or Eq. (13.141 ) that the generators in Eq. (13.271 ) satisfy the Lorentz algebra. 
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According to the identification (13.261) . SU (2) gauge fields can be defined from the spin connections 

= (I^mabvIb) mho + {IujmabvIb) [T-]cd 

^ 4f^"[n]cD + 47^"[^-]cD = [Am]cd. (3.28) 

That is, we get the decomposition (13.101 ) for spin connections. 

Using the definition (|3.21l) . the spin connection (|3.10l) and the curvature tensor (13.111) can be 
written as follows: 

UJMAB = 4+)'^[T^]ab + 47^"[^-]ab, (3.29) 
Rmnab = F^M}^[ri]AB + F[i)^[ri]AB, (3.30) 

where 

F^^l = OmA^^^ - S^v^i? + A^^\ (3.31) 
Using the Lie algebra (|3.24l) . one can write the field strength (|3.31l) as the component form 

which is precisely the same as Eq. (12.21) . Therefore, we see that J^^^ = A^^^^'T^ can be identified 
with SU{2) L^R gauge fields and F^^f^^ = Fj^^T^ with their field strengths. Indeed one can also show 
that the local 0(4) rotations in (13.21) can be represented as the gauge transformations of the SU{2) 
gauge fields A^^^ : 

^ A(±)Ai?A^^i) + A(±)9MA(-i) (3.33) 

where A(-|-)(a;) = exp{X^_^-^{x)T^) E SU{2)l^r are group elements defined by Eq. (13.201 ). 

Let us recall the symmetry property of curvature tensors determined by the properties about the 
torsion and the tangent-space group 

Rabcd = —Rabdc = —Rbacd (3.34) 
where Rabcd = F^ E^Rmncd- Also note that the curvature tensors satisfy the first Bianchi identity 

Ra[bcd] = Rabcd + Radbc + Racdb = (3.35) 



which is an integrability condition originated by the fact that the spin connections (13.81) are determined 
by potential fields, i.e., vierbeins. It is easy to see that the following symmetry can be derived by using 
Eqs. (13341) and (13351) 

Rabcd = Rcdab- (3.36) 
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The gravitational instantons are defined by the self-dual solution to the Einstein equation 

Rmnab = ^-^^AB^^ Rmncd- (3.37) 

Note that a metric satisfying the self-duality equation (13.371 ) is necessarily Ricci-flat because Rmn = 
Rman^ = '^\^N^^'~' Rm[abc\ = and so automatically satisfies the vacuum Einstein equations 
(|2.23l) . Using the decomposition (|3.30l) and the relation (13.251) . Eq. (l3.37l) can be written as 

rp{+)arrpa-\ , p(-)"rT^al _ _|_ "'" c- CD ( rp(.+)a.irpa] , rp{-)<^lrpa-\ \ 

^MN i-^+lAB + ^MN [-^-lAB - ^2 AB MN i^+lCD + ^ mN [-^-\cd) 

= MFithn]AB-Fij};[T^UB). (3.38) 

Therefore we should have F^J^ = for the self-dual case with + sign in Eq. (13371) while fJ^T = 
for the anti-self-dual case with — sign and so imposing the self-duality equation (13.371) is equivalent 
to the half-flat equation F^"^^" = 0. 

A solution of the half-flat equation F'-^^ = is given by = A±dA^^ and then Eq. (l3.33l) 
shows that it is always possible to choose a self-dual gauge A^'^^'^ = 0. Therefore, one can see the 
following important property. If the spin connection is, for example, self-dual, i.e. A^^j'^ = 0, the 
curvature tensor is also self-dual, i.e. F^j)^ = 0. Conversely, if the curvature is self-dual, i.e. Fj^J^j- = 
0, one can always choose a self-dual spin connection by a suitable gauge choice since F^J^- = 
requires that A^^^ is a pure gauge. In other words, in this self-dual gauge, the problem of finding 
gravitational instantons is equivalent to one of finding self-dual spin connections [fT3l 

i^MAB = ^-bab^^^mcd (3.39) 

which is equivalent to the (anti-)self-dual gauge condition A^^^"" = according to the decomposition 
(13.291) . The gravitational instantons defined by Eq. (l3.37l) are then obtained by solving the first-order 
differential equations defined by (13.391) . 

The self-duality equations (13.371) are imposed on the second group indices [CD] of the curvature 
tensor Rabcd and they do not touch the first group indices [AB]. But note that the first Bianchi 
identity (13.351) reshuffles three indices in Rabcd and the symmetry (13.361) is consequently deduced. 
Thereby the self-duality condition for the second group should necessarily be correlated to the one 
for the first group ||27l . In other words, because the Riemann curvature tensors satisfy the symmetry 
property ( 13.361) . the gravitational instanton ( 13.371) is equivalent to the self-duality equation 

Rabef = ^^£ab^^ RcDEF- (3.40) 

Then, using the decomposition (13.301 ) again, one can similarly show that the gravitational instanton 
(13.401) can be understood as an SU (2) Yang-Mills instanton defined by (|2.14l) . i.e. 
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where F^J = F^J^T^ = EfE^ Fjfi are defined by Eq. ^J}. In a coordinate basis, tlie self-duality 
equation (13.411) can be written as the form (12.131) because one can deduce that 

^A^B^MN - =^2 ^C^D^PQ 

T?(^) — -U-'-c- CD jpA j^B j^P pQ T^{±) 

— -l-^ n n c-^BCD t^Rt^S T^P T^Q U±) 

- ±-gMRgNS£ ^A^B^C^D^PQ 

I ^RSPQ 

= ±-——g,,j,g^sFi^c] (3.42) 

where y/g = detEf^. 

Therefore, we see that gravitational instantons defined by Eq. (13.371 ) are solutions of both (12.131) 
and (12.231 ) and so they can be regarded as Yang-Mills instantons in the sense that the self-duality 
equation of gravitational instantons can always be recast into exactly the same self-duality equation 
as the SU{2) Yang-Mills instantons on a Ricci-flat manifold. But note that the Yang-Mills instantons 
as well as the four-dimensional metric used to define Eq. (13.421) are simultaneously determined by 
gravitational instantons. Therefore, the self-duality in Eq. (13.421) cannot be interpreted as SU{2) 
instantons in a fixed background. Although every gravitational instantons satisfy the self-duality 
equation (12.131 ) for Yang-Mills instantons on a Ricci-flat manifold, the converse is not necessarily true: 
An SU (2) instanton on a Ricci-flat manifold is not always a gravitational instanton. For example, 
Yang-Mills instantons on ALE spaces in |fT9l |20ll and ALE spaces in [1211 l22ll consist of a more 
general class of solutions than those obtained from ALE and ALE gravitational instantons. 

As was pointed out above, the self-duality in Eq. (13.421) should not be interpreted as SU{2) 
instantons in a fixed background because we are solving the coupled equations (12.131) and (12.231) . We 
are not solving Eq. (12.131) on a non-dynamical background manifold. Note that the Yang-Mills action 
(|2.1 II) is invariant under the conformal transformation 

Qmn 9mn = ^'^{x)gMN, (3.43) 

assuming that Fmn are metric-independent. As a result, the self-duality equations (12.131 ) are also 
invariant under the transformation (13.431 ). However the conformal transformation (13.431) is no longer 
a symmetry of the coupled system defined by the action ( 12.191 ) because the gravitational action (12.201) 
is not invariant under the transformation (13.431) and so breaks the conformal symmetry. Eurthermore 
the assumption that Fmn are metric-independent is no longer valid when gravity is coupled to Yang- 
Mills fields. Therefore, Eq. (13.421) does not have to be invariant under the conformal transformation 
(13.431) . Of course, this feature is consistent with the fact that the Yang-Mills instantons satisfying 
Eq. (l3.42l) are defined by the Einstein- Yang-Mills action (12.191 ). 

We will finally check the claim that the gravitational instantons can be regarded as Yang-Mills 
instantons by showing that the former satisfies the same equations as the latter. Eirst, we show that 
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the second Bianchi identity for curvature tensors is reduced to the Bianchi identity for SU (2) gauge 
fields: 

^[mRnp]ab = Q ^ Z}f,^F^=5] = 0, (3.44) 

where the bracket [MNP] = MNP + NPM + PMN denotes the cyclic permutation of indices. 
The covariant derivative on the left-hand side of Eq. (|3.44l) is defined by 

V mRnpab = QmRnpab — ^ MN*^ Rqpab — ^ MP*^ Rnqab —<^m'^ aRnpcb — <^M^ bRnpac (3.45) 

and, on the right-hand side, it is given by Eq. (I2.18I ). Rewrite the covariant derivative (13.451 ) as the 
form 

V mRnpab = QmRnpab — ^ MN^ Rqpab — ^mp'^Rnqab + ^macRnpcb — Rnpac^mcb- 
Using the decompositions (13.291 ) and (13.301) and the commutation relations (13.241) . we get 

V7 p - ffi r r Q _L r /I (+) 

y M-n-NPAB — [Om-Tj^p — i MN ^qp — J- MP ^ NQ ~^ l^M ' ^NPi J 



AB 



NP- 



AB 



1^1^-2 + 1517^4-;)^ . (3.46) 

/ AB 

Therefore, we arrived at the result (13.441) that the second Bianchi identity for curvature tensors is 
equivalent to the Bianchi identity for SU (2) Yang-Mills fields. Note that all the terms containing the 
Levi-Civita connection in Eq. (l3.44l) are canceled each other. 
After rewriting the self-duality equation (13.401) as 

I ^RSPQ 

Rmnab = ±- — ^^9mr9nsRpqab, (3.47) 
2 ^/9 

the covariant derivative is taken on both sides to yield 

9 pRmNAB = +- pRpQAB = 0, 

2 ^/9 

where the Bianchi identity (13.441) was used. The relation (13.461) then guarantees that the Yang-Mills 
equations 

^^^^d1?4=5 = (3.48) 

will be satisfied accordingly. So remarkably it turns out that gravitational instantons can actually be 
identified with Yang-Mills instantons in the sense that the gravitational and Yang-Mills instantons 
satisfy mathematically the same self-duality equations. But, as we discussed before, the self-duality 
equation (13.421) must be interpreted as self-gravitating Yang-Mills instantons rather than SU (2) in- 
stantons on a rigid background. 
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4 Yang-Mills Instantons from Gravitational Instantons 



We showed in the previous section that every gravitational instantons satisfy the self-duality equation 
(|2.13l) on a Ricci-flat manifold defined by the gravitational instanton itself. We have constructed 
SU (2) gauge fields as the projection of the spin connection (13.21) onto the self-dual part and the anti- 
self-dual part by using the 't Hooft symbols. The embedding to relate gauge and spin connections 
was suggested long ago by Charap and Duff [|271 . (See also ||28|| .) In this section, we will elucidate 
with explicit examples how Yang-Mills instantons can be obtained from gravitational instantons. 

To be specific, we want to find Yang-Mills instantons satisfying Eq. ( 12.131 ) where the background 
metric qmn is a gravitational instanton obeying Eq. (13.401 ). First, we will calculate the spin connection 
(13.81) for a given gravitational instanton metric and then identify SU{2) gauge fields Am according to 
the identification (13.261) . As was shown in (13.421) . the corresponding field strength Fmn of the SU (2) 
gauge fields automatically satisfies the self-duality equation (12.131) on a curved manifold M whose 
metric is given by the gravitational instanton itself. 

We will easily reproduce already known solutions in literatures [|29l |30l [3T1 |32l in this way. As 
a byproduct, we will also find new Yang-Mills instantons on a curved manifold M. It might be 
emphasized that it is always possible to find Yang-Mills instantons on a Ricci-flat manifold M by 
the same procedure whenever a gravitational instanton M is given, as will be illustrated with several 
examples. Here we refer to the index convention in Section 1. 

4.1 Gibbons-Hawking metric 

The Gibbons-Hawking metric B31 is a general class of self-dual, Ricci-flat metrics with the triholo- 
morphic U (1) symmetry which describes a particular class (A-type) of ALE and ALE instantons. The 
Gibbons -Hawking metric for gravitational multi-instantons is given by 

ds'^ = V'~^{x){dT + qidx'Y + V{x)dx^dx' 

= e^^{dT + q,dx'f + e-^^dx'dx\ (4.1) 

where 

k 

V{x) = e-^'^^^) = e + 2m V , . ^ ., (4.2) 

^^^^^ 

a=l ' ' 

with e = for ALE instantons and e = 1 for ALE instantons. Here we use the world index M = 
{i, 4 = r) with i = 1,2,3 and the frame index A = [i, 4) with i = 1, 2, 3. Note that ip = i/j^x), Qi = 
qi{x) and the Killing vector d/dr generates the triholomorphic U (1) symmetry. 
One can easily read off the vierbeins from the metric (14.11) as 

e'^ = e^{dT + qidx'), = e-^dx' (4.3) 
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and 

Ei = e-^§^, E, = e^{d,-q,^). (4.4) 

Using the torsion-free condition, = dE^ + A = 0, one can calculate the spin connections. 
For example, one can get from Eq. (|4.3I) 

dE'^ = (^diipdx' Adr + diipqjdx' A dx^ + ^fijdx' A dx^ 



e^d.^ljE^ + ^e^'/'/,,^^) A E' 



u^. = e^d.^E^ + -e'^U.EK (4.5) 



= -u:iiAE\ 
where fij = diQj — djQi. Therefore, one can read off 

1 

2 

Similarly, the spin connections and the structure functions can be obtained as follows 

= e'^d^ijE'^ + ^e'^f^.E^ 
ooi^ = -^e^^f^f^jE'^ + e^id^i^E^^ -d.tpE^), (4.6) 

Note that we are explicitly discriminating the three-dimensional world and frame indices as {i,j,k,---] 
and k,- ■ ■), respectively. It is easy to see that the self-duality equation (13.391) for the spin con- 
nection (14.61) is reduced to the equation 

^rjk9k^ = l^'^h ^ VV + Vxg = 0. (4.8) 
Using the result (14. 8h . one can now read off the self-dual SU{2) gauge fields defined by uab = 

A" = e^^f]?M{dT + qjdx^)+f]Wi^dx^ 

= e^d,^f]f^E^ = E',ijr]f^E^. (4.9) 

That is, with the notation Eiijj = e^diijj = d'-ip, 

A\ = d^i,niA = hMdl^ogV. (4.10) 
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It is easy to derive the following relation from Eq. (14.81) 

e^dAe^ - 3d,e^d,e^ = 0. (4.11) 



Using the above results, one can get the field strengths for SU{2) gauge fields (14.91) 

F^. = EiA^-EiAl-2e'^"^AlAI + fiiiAl 

= e^dAe^ + 3d,e'^'dae^ -2Sfdke'f'dke^, (4.12) 
= E^A^-E^Al-2e^^A\M + fy^ + f^^Al 

= e^d, (e^~,^d,e^ - e^^d.e^) - Ae,y,due^ d.e^ + d,e^ (e^^d.e^ - e^~,^d,e^) . (4.13) 
Now it is straightforward to check that the above SU (2) field strengths are self-dual, i.e. 

FIb = Isab'^^'F^^. (4.14) 
To be specific, one can explicitly see that 

= Fu, (4.15) 

where the relation (14.1 II) was used. In terms of the harmonic function in Eq. (14.21) . the above field 
strength can be represented by 

Fu = \v~^d,daV - '^v~''d,vdaV + ]^6iv-''duVduV (4.i6) 

and Eq. (|4.11l) can be written as 

didi log V + di log VdilogV = Q. (4.17) 

It would be interesting to compare Eq. (14.171 ) (after the replacement di — >■ Bm since the function V{x) 
does not depend on r) with the 't Hooft ansatz = f/^j^9,^log(/)(x) for SU{2) multi-instantons (see 
Eq. (4.60b) in (HI) satisfying] 

d^d^ log + 9^ log 09^ log = 0. (4. 1 8) 

Our result here recovers the self-dual gauge fields in [30] (for H = V). 



^Note that Eq. (14.11b can be represented in terms of frame derivatives as dr-d-^ip — 3d^ipd~-ip = which also reduces to 
the form ( |4.18l l with the identification i/j = log 0. 
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4.2 Taub-NUT metric 

The Taub-NUT metric is the simplest ALF space described by the Gibbons-Hawking metric (14.11) 
with e = 1 and k = 1. Using the spherical coordinates, it is given by 

ds^ = cldr^ + J2cK^y (4.19) 



i=l 



with the coefficients Ci = C2 ^ C3 given by 



^ I _|_ 2 / f — 777, 

^rir) = -\ , Ci(r) = C2(r) = -Vr2 - m^, cs^r) = mJ — ■ . (4.20) 

2 \ r — m 2 \ r + m 

The Maurer-Cartan one-forms {a*} satisfy the following exterior algebra IfTOll 

da' + ^e^^V^' A cr'^ = 0. (4.21) 

The vierbein bases are given by 

E'^ = Crdr, E' = Cia' (NS[i]), (4.22) 

and 

Ei = -dr. E. = -K, (NS[z]), (4.23) 
where are the basis vectors dual to cr*, i.e. (cr*, Kj) = Sp satisfying 

Here we indicate no summation convention for the index i with the notation (NS[z]). The spin con- 
nections read as 

^li = ^^' (NS[.]), = -e^^^i±±:^a' (NS[^j]). (4.25) 

Note that the spin connections in Eq. (14.251) are not completely self-dual, but the anti-self-dual part is 
simply given by w^'^ = | {00 ab — ^^ab^^^cd) = ~Vab^ and so their curvature tensors identically 
vanish thanks to Eq. (14.211) . The curvature tensors are so self-dual, i.e. Rab = F°-Vab^ which are 
given by 



-Ri2 


- - 


8m / 






(r + m)'^ V 






4m 


Rii 


~ -^23 ~ 


(r + m)2 






4m 


R21 


= ^3i = 






(r + m)'^ 
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E' AE^ + E^ A E" 
[e^ AE^ + E^ a E^^ , (4.26) 
(^E^ AE^ + E^ AE^ 



The corresponding SU (2) gauge fields can be identified from (14.251) as 

i 1 / \ r — ma^ 

A = - Wi-a + Wo? 



1 / \ r — ma 



2 



4m^ \ cr^ 



A' . -^.„ + .5,j = ^-l + ^__pj_ (4.27) 

Therefore, the field strength of the SU{2) gauge fields (14.271) can be calculated to be 

F = dA + AAA 

= lnr)vlBE''AE'' (4.28) 

with 

f\r) = --^^,=nr), m = -^. (4.29) 

Note that the SU{2) field strengths in (14.281) are self-dual, i.e. F = *F, which, of course, coincide 
with the curvature tensor (14.261) . 

Our result here agrees with the self-dual gauge fields in ll3Tll32l . 



4.3 Eguchi-Hanson metric 

The Eguchi-Hanson metric [|46ll is the simplest ALE space described by the Gibbons-Hawking metric 
(14.11) with e = and k = 2. Let us consider the metric given by 

ds' = h-\r)dr^ + ^(a? + al) + ^/i^(r)a| (4.30) 

with the function h{r) = a/1 — a^/r^. The Maurer-Cartan one-forms {cr*} satisfy the exterior algebra 

da^ --e^'^'^a^ Aa'' = 0. (4.31) 
2 ^ 

Note that the sign is different from the Taub-NUT case (14.211) . with which the metric (|4.30l) becomes 
self-dual. The spin connections are given by Eq. (14.251) for c,. = h^^{r), ci = C2 = r/2, and 
C3 = rh{r)/2 and their components are 




(4.32) 



which are clearly self-dual. The curvature tensors are straightforwardly computed by 

= i?-^ = (^E~^ AE~^ + E^A , (4.33) 

i?24 = = AE' + E^A E^) . 

The self-dual curvature tensors for the Eguchi-Hanson metric (14.301) can be determined by SU (2) 
gauge fields A" = jUJabVab = if{r)(^^, f{r)a^,g{r)a^) where 

/W = ^/l^' 3(^) = l{' + ^)- (4.34) 

The corresponding SU (2) field strength coincides with the curvature tensor Rab = F""i1ab (|4.33|) 
where = dA"" - e'^^^'A^ A A"" and they are given by 

F = IfWabE^ a E^ (4.35) 

with 

/'(-■) = = /'('■). /'(-■) = ^- c-sf-) 

Our result here agrees with the self-dual gauge fields in ||29l[32ll . 



4.4 Atiyah-Hitchin metric 

The Atiyah-Hitchin metric p7]| describes a four-dimensional hyper-Kahler manifold with S0(3) 
isometry that was introduced to describe the moduli space of SU{2) BPS monopoles of magnetic 
charge 2. Let us consider the Bianchi type IX space ifTTI which is locally described by the metric with 
an SU (2) or 50(3) isometry group 

ds' = aldT' + J2(^^{ay (4.37) 

i=l 

where and Oj's are functions solely of r. The self-dual conditions for all Bianchi IX 

solutions are given by the equations 



1 dai 


al 


+ al- 


al 


ttr dr 




2020-3 




1 da2 


a\ 


+ al- 


al 


ttr dr 




203O1 




1 da^ 


af 


+ o2- 


al 


Ut dr 




2O1O2 





- "3, 
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where three constant numbers i = 1,2, 3, satisfy aiaj = £i~ff.otk. Choosing (ai, 02, as) = (1,1, 1) 
will lead to the Atiyah-Hitchin metric [|47ll while (cti, a2, as) = (0, 0, 0) yields the Eguchi-Hanson 
type I or II metric ll46ll . 

Identify the vierbein basis from the metric (14.371 ) 

{E\ E'} = {a,a\ a^dr}, {E^, E^} = {ar^K,, a;'^} (4.39) 

without summation convention for the index i. The left-invariant 1-forms {cr*} on satisfy the 
exterior algebra (14.311 ) and the dual basis vectors satisfy the Lie algebra [fii, kj] = Sij^Hk- 
Note that the metric (14.371 ) has the same structure as the Taub-NUT metric (14.191) . Therefore, the spin 
connections also have the same structure as follows 

^ii = ^<^' (NSW), = ^^.iH^T^^' (NS[^J]), (4.40) 

where the prime means the derivative with respect to r. Note that the spin connections in (14.401) are 
not self-dual in general. One can check using Eq. (14.381) that the spin connections in Eq. (14.401) satisfy 
the following relation 

^v'XbU^ab = \[- ujal + \^ark^',h) = ^"a^'^ (NS[a]). (4.41) 
Therefore, they become self-dual only when (ai,a2,as) = (0,0,0) which was completely solved. 



{-) 

MN 



(See Eq. (4.23) in [QTI for the exact solution.) But the curvature tensors will be self-dual, i.e. F-^ 
in Eq. (13.301) . because the curvature tensor of the anti-self-dual spin connections in (14.411) identically 
vanishes due to Eq. (14.311) . 

Let us define SU (2) gauge fields as follows 

A''^\il\j,ujAB = uj,l + \aaa'' (NS[a]). (4.42) 

Our previous result (13.411) implies that the field strengths = dA°- — e'^^'^J^ A A" defined by the 
SU (2) gauge fields in (14.421) are necessarily self-dual. Now we will show that it is the case. It is 
straightforward to calculate the SU{2) field strength 

F- = (<)'drAa'' + e''"'(^-^-^)a'Aa' (NS[a]) 

= a'Jr Aa" + e'''"'(^^ -abdc-abac^a^ Aa' (NS[a]), (4.43) 

where aa = a'^/ar. Using the identity ll48l derived from Eq. (14.381) . 

a'l _ ai - 2a2Q3 - Q2as - Qsa2 
aittr a2as 
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we see that the field strength (14.431) has the correct self-dual structure, i.e. 



dA + AAA 



a' 



^T^l^E^AE^. (4.45) 

The self-dual gauge fields in Eqs. (14.421 ) and ( 14.431 ) describe a Yang-Mills instanton on the Atiyah- 
Hitchin space and it consists of a new solution to the extent of our knowledge. 

4.5 Real heaven 

The real heaven metric ll49l describes four dimensional hyper-Kahler manifolds with a rotational 
Killing symmetry which is also completely determined by one real scalar field. The metric is given 
by 

ds'^ = {d3ip)-\dT + q^dx^^f + {d3^){e^dx"dx" + dx^dx^) 

= e-^^'{dT + qadx''f + e^'^^dx'dx' (4.46) 



where Qa = —e^^dpijj, [a = 1,2) and the function ?/^(x) is independent of r and satisfy the three- 
dimensional continual Toda equation 

{dl + dl)^ + dle'f' = 0. (4.47) 

The rotational Killing vector is given by Cada^d / dr with constants c^. 
We identify the vierbein vectors as 

E' = e^^dx' (NS[z]), = e-*^(dr + g„dx"). (4.48) 

where 

g20i ^ g202 ^ ^3^6^, e^"^^ = e^'*'^ = dsij. (4.49) 
From the torsion-free equation dE^ + A E^ = 0, we get 

1 



2 



= -\e-^^-^^-'^^ fijE^ + e-"^'--^^ [d^e^^E'^ - d^e'^^E^) (NS[u]), (4.50) 



2 



where = diQj - djQi with qi = -e^'^djtp. 

It is straightforward to check that the self dual relations, wgj = and w^a = ^ih satisfied 
if and only if the continual Toda equation (14.471 ) is satisfied. However, the relation cui^ = 1^34 is not 
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satisfied. In order to cure tliis mismatch, first note tliat we can perform tlie local frame rotation (13.11) 
as follows 

















(l 
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(4.51) 



The spin connections also transform according to Eg. (13. 21) 



to B 



where 



B 
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/ 





y 



B 



(4.52) 











1 

0/ 



dr 



(4.53) 



and dr = [ — qae~'^"E°' + e'l''^E'^) . Note that the frame rotation (14.511) affects the self-duality condition 
only for cDgj = + ^dr due to the inhomogeneous term (14.531) . In other words, cjgj = cD^i and 
toil are automatically satisfied thanks to the previous relations. Now it is straightforward to 



'^23 

check that = '^12 — ^34 



(^34 



2 Qa^^ 



'E"' + ^e'^'^E'^y Therefore, the spin connections in 



(14.521) become self-dual. 

If one introduces SU (2) gauge fields by 

= \v1b^ab 



a4 



a4 



(4.54) 



the corresponding field strengths, = dA°- —e"'^'' NA" , should be self-dual according to the general 
result (13.411) . This can also be proved by using the relation (13.191) which leads to the following result 



-^^ = 7'7ab ( <d^AB + wac a ujcb 



4 



Vab^ab- 



(4.55) 



Hence the self-duality of F°- results from the self-dual curvature tensors Rab- Or one can check it by 
a straightforward calculation using Eqs. (14.501 ) and (14.471 ) though rather tedious. 

The self-dual gauge fields in Eq. (14.541) describe a Yang-Mills instanton on the real heaven (14.461) . 
which is a new solution to the extent of our knowledge. 



4.6 Euclidean Schwarzschild solution 

The Euclidean Schwarzschild metric |l9l was constructed by the Wick rotation of the Schwarzschild 
black-hole solution. It is not a gravitational instanton (not a hyper-Kahler manifold) although it is a 
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Ricci-flat manifold. The metric takes the form 

ds^ =(l- '^)dT^ + (l - ^)~'rfr2 + r\de^ + sine^dc/)^). (4.56) 

The radial coordinate is constrained by r > 2m and the time coordinate r is an angular variable with 
period 87rm. Hence this solution has the topology x S^. 

After defining the vierbein basis (-E^ = h{r)~^dr, E"^ = rdO, = r sin Odcp, -E^ = h{r)dT), it is 
easy to compute spin connections: 

= —hdO, wjg = —hsm9d(f), w^a = — cos Odcj), 

= -^{h^)'dT, = = 0, (4.57) 

where h{r) = y^l — The corresponding curvature tensors are given by 

m J 2 "^13 2m J 4 

^12 = ^ ' ^13 = ^ ' ^i4 = ^^/\^' 

i?23 = ^^'AE^ i?,, = -^E2AE\ /?3, = -^E3Ai?\ (4.58) 

which are not self-dual anymore although they are Ricci-flat, i.e., -R^b = Racbc = 0. 

Because the spin connections in Eq. (14.571) are neither self-dual nor anti-self-dual, we can consider 
both type of SU (2) gauge fields defined by 

A^^^^ ^ Iv^aI'^^ab. (4.59) 

The field strengths, F^^)'^ = dA^^'^" - e^^^A^"^^^ A A^^'^", should be either self-dual (for the + sign) or 
anti-self-dual (for the — sign) because we get the following result 

F^^^" = Ivab'' {d^AB + ooAc A ucb) = \vab''Rab, (4.60) 

which can be derived by using the relation (13.191) . According to the general result (13.411) . the SU (2) 
gauge fields in Eq. (14.591) automatically satisfy the self-duality equation (12.131 ) where the background 
geometry is given by the metric (14.561) . Therefore, the solution (14.591) indeed describes an SU (2) 
Yang-Mills (anti-)instanton on the space (14.561) . 

The solution (14.591) was originally found by Charap and Duff ||271 . The reason for the revival here 
is that the solution ( 14.591 ) exposes an interesting structure for a Ricci-flat manifold. According to the 
decomposition (13.291 ) and (13.301) . we see that the Euclidean Schwarzschild metric (|4.56l) describes 
the sum of an SU{2)l instanton and an SU{2)r anti-instanton. Therefore, an interesting question 
is whether this kind of feature is generic or not. Remarkably it can be shown ll50l that any Einstein 
manifold satisfying Rab = ^^ab for either A = or A 7^ always arises as the sum of SU{2)i 
instantons and SU{2)ji anti-instantons. 
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5 Topological Invariants 



The correspondence between gravitational and Yang-Mills instantons now raises an intriguing ques- 
tion about topological invariants in gravity and gauge theories. In the gravity side, there are two 
topological invariants associated with the Atiyah-Patodi-Singer index theorem for an elliptic complex 
in four dimensions ifTOl . namely the Euler characteristic x{M) the Hirzebruch signature r(M), 
which can be expressed as integrals of the curvature of a four dimensional metric while, in the gauge 
theory side, there is a unique topological invariant up to a boundary term given by the Chern class 
of gauge bundle. Thus a natural question is how the two kinds of topological invariants for self-dual 
four manifolds can be related to the Chern class of instanton bundle. In particular, the two topological 
invariants for gravitational instantons should be related to each other, in other words, 

ax{M) + bT{M) = c, a,b,ceZ, (5.1) 

because there is only a unique topological invariant C2{E), the second Chern class, for Yang-Mills 
instantons. 

The topologically inequivalent sector of instanton solutions is defined by the homotopy class of a 
map from a three sphere at asymptotic infinity into the gauge group G = SU (2) 

/ : §^ ^ SU{2) (5.2) 

and the topological charge is defined by an element of the homotopy group Tr'^{SU{2)) = Z. Viewed 
the spin connections in Eq. (13.21 ) as gauge fields in G = 0(4) = SU{2)l x SU{2)ji, one may also 
classify the topological sectors of the 0(4) gauge fields in Eq. (13.101) by the homotopy class of the 
map 

f:E>'^ 0(4) = SUi2)L X SUi2)R. (5.3) 

Hence the homotopy group of 0(4) in the gravity theory is isomorphic to two copies of the additive 
group of integers 

7r3(0(4)) ^ 7T,iSUi2)L X SU{2)n) ^ Z © Z. (5.4) 

Consequently, there are two independent gravitational topological charges [[TOl , i.e., the Euler char- 
acteristic x{M) ^rid the Hirzebruch signature r(M). 

The Euler number xiM) for the de Rham complex and the signature t{M) for the Hirzebruch 
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signature complex are, respectively, defined b 



X(M) 




'T^ JdM 




(5.5) 



r(M) 



[ TtRAR ^ / 




(5.6) 



where Bab is the second fundamental form of the boundary dM. It is defined by 



OaB — ^AB — ^OAB, 



(5.7) 



where cuab are the actual connection 1 -forms and luqab are the connection 1 -forms if the metric were 
locally a product form near the boundary ifTOl . The connection 1-form uqab will have only tangential 
components on dM and so the second fundamental form 9ab will have only normal components on 
dM. And ris{dM) is the ?7-function given by the eigenvalues of a signature operator defined over 
dM and depends only on the metric on dM IfTOl . The topological invariants are also related to nuts 
(isolated points) and bolts (two surfaces), which are the fixed points of the action of one parameter 
isometry groups of gravitational instantons ll33l . 

We have verified in the previous sections that, for gravitational instantons, one of the SU{2) 
factors in (15.31) completely decouples from the theory. Therefore, the topological classification of 
(anti-)self-dual spin connections will essentially be the same as Eq. (15.21) in the gauge theory. That is 
the reason why we expect the relation (15.11) for the topological invariants in Eqs. (15.51 ) and (15.61) . Now 
we will confirm the relation (15.11 ) explicitly determining the coefficients. 

Since 9ab in Eq. (15.71 ) are antisymmetric on the AB index pair, we will decompose them into a 
self-dual part and an anti-self-dual part according to Eq. (13.101) 



We take the normal to the boundary to be {A = 4) -direction and so we have 9'-j = 0. It is then straight- 
forward to express the topological invariants in terms of SU (2) gauge fields using the decompositions 

"^Note that our definition is different in signs of boundary terms from that in ifTol because we choose the orientation 
d'^x Adr = —dr A d^x to be positive and the r-direction to be normal to the boundary dAI while the orientation dr A d^x 
was chosen to be positive in ifTOl . 



eAB^a^^^^V% + a^~^^nlB- 



(5.8) 
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(I3J01) . dnU) and dSJ): 



167r 

4 



rj^ J^^y9£ [^AB ^CD -^AB ^CD j " 2: 
7r2 7aj,^ V * * y V J'^ 



+ ^ / v^5'^^V^Va(+)'^ - a^'"^ Va(.+)^ - a^)^^ (5.9) 

where we defined the volume fomis as A E"^ A A E"^ = ^/gd'^x and F^ A F^ A E^\dM = VhcPx. 

An interesting pattern appears in the topological invariants. First consider a compact Einstein 
manifold without boundary, i.e. dM = 0. It turns out [|50l that F*^+)" and F^~^°- are self-dual and anti- 
self-dual instantons, respectively. Then we see that the Euler number x{M) = x~^{M) + x~ (M) does 
not distinguish self-dual and anti-self-dual instantons since both contribute with equal sign while the 
Hirzebruch signature r(Af) = r+(Af) — r^(Af) distinguishes self-dual and anti-self-dual instantons. 
Based on the observation, we can draw general properties about 4-dimensional compact Einstein 
manifolds where all boundary terms vanish. As we mentioned above, the Euler number x{M) gets 
equal sign contributions from self-dual and anti-self-dual gauge fields while the Hirzebruch signature 
r(M) is not the case. Thus we see that x(^) ^ with the equality only if M is flat. This is the 
Berger's result IfTOl . We can further refine the Berger's result by looking at the expressions (15.91 ) and 
(I5J01) : 

X(M) - |r(Af) = --^ / F(-)" A F(-)'^ > (5.11) 

because F^~'> describes SU (2) anti-instantons. The inequality (15.1 II) will be saturated if and only if a 
compact four-manifold is half-flat, i.e. F^~^"- = 0. In the result, we get a general relation 

xiM)>^\T{M)\ (5.12) 
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where the bound is saturated only for and K3 surface, which are compact self-dual four-manifolds 
as either trivial or nontrivial gravitational instantons. This result is known as the Hitchin-Thorpe 
inequality [[TOll . 

For noncompact manifolds, there are additional boundary terms as shown in (15.91 ) and (15.101) which 
are not separated into the self-dual and anti-self-dual parts unlike as the volume terms. In particular, 
the eta- invariant ris{dM) for k self-dual gravitational instantons [[35l is given by 

where e = for ALE boundary conditions and e = 1 for ALF boundary conditions. Because the topo- 
logical invariants for a noncompact manifold with boundary have nontrivial boundary corrections, it 
is not easy to demonstrate the relation (15.11) although such a relation should exist for general half-flat 
manifolds. But, one may infer by investigating known examples so far that the following relation 

X(M) = |r(M)| + 1 (5.14) 

would be satisfied for noncompact gravitational instantons. It turns out [|33l[34l[35l that ALE instan- 
tons including all ADE series and ALF instantons of AD series satisfy the relation ( |5.14|) FI 

Therefore, the evidence for the relation (15.141) is overwhelming. Since we believe that the relation 
(15.11) will be generic independently of asymptotic boundary conditions and topology, we conjecture 
that the relation (15.141) will be true for general noncompact gravitational instantons. It may be proved 
by showing the following identity for gravitational instantons, e.g., with F^^^" = and so taking the 
self-dual gauge A^~'>°' = 0: 

x(M)-t(M) = I fW"AF(+)" + At I a(+)"AF(+)" 

= 1. (5.15) 

Indeed, for ALE and ALF spaces, one can derive the relation x(^) ~ t(M) = 1 — 4/i (5"-!-, D) using 
Eqs. (12), (13), (14) and (20) in ||34l . If M has a spin structure, the index of the Dirac operator, 
/i (Si, D), must identically vanish [[TT]|. and thus we confirm the above identity. For general cases, 
we do not know how to rigorously prove the above identity and so we leave it as our conjecture. 
The topological invariant in SU (2) gauge theory is given by the second Chem number 



k = ^ I F^m^Fym (5.16) 

'M 



167r2 



^Ak-i ALE (e = 0) and ALF (e = 1) instantons are described by the Gibbons-Hawking metric (14.1b and Dq ALF 
instantons are described by the Atiyah-Hitchin metric ( 14.37b . Especially, Kronheimer obtained the explicit construction of 
the ALE manifolds as hyper-Kahler quotients ifTSl which heavily relies on the algebraic structure of the Kleinian groups 
r and the crucial identification between the Hirzebruch signature t{M) and the number of conjugacy classes of the finite 
group r. See the Table 2 in lIsT] for the relation (15.14b of all ALE manifolds. See also the Table D.l in ifTol . 
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where Fy m = 

dA^^j + le'''"'Al^M A A'ym- Note that the SU{2) field strength coming from the spin 
connections is given by Fq = dA'^ — e'^'^^A^ A A^. So they are related by Ay^ = — and 
^YM = "~2Fg ll32l . Taking this factor into account, one can see that the Chem number (15.161) has the 
same normalization factor as the Euler number in Eq. (15.91 ). i.e., 

This fact provides us an interesting insight why the instanton number (15.171) for SU{2) instantons 
satisfying (12.131) is not necessarily integer-valued [|29l[30l . Note that the Euler number (15.51) as well 
as the signature (15.61) are all integer- valued. Therefore, if there is a nontrivial boundary correction in 
the Euler number (15.91 ). the instanton number (15.171) will not be an integer, i.e., a fractional number in 
general. We will illustrate it with explicit examples. 



5.1 Taub-NUT space 

For the product metric 

ds =- dr + -{r^^ - m ){a^ + a^) + m ■ cTg, (5.18) 

Atq — m 4 Tq + m 

the spin connections are given by 

Mu = 0, (a;o)y. = a;y(r = ro). (5.19) 
Hence the second fundamental form at the boundary r = rg is 

% = u;j4(r = ro), % = (5.20) 

or 

a' = ^^a\ a' = ^^a\ = -^^a\ (5.21) 

ro + m ro + m (ro + m)"' 

Using Eqs. (14.281) and (15.211) . we get the following result 

F" AF" = 24m^- -a^ A A (X^ A dr, 

[r + my 

a" A F\=r, = -4m^ ^/°~'"|' a^ A A a^ 

(ro + niY 

A A = /\ ^2 (5 22) 

(ro + my 

Therefore, we see that the boundary integrals vanish because 

a'' A F'^l.-o^oo = 0, A A a%o^oo = 0. (5.23) 
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Finally we get the topological numbers for the Taub-NUT space 



24m^ 



(7^ A (7^ A (7^ / '^dr = 1, (5.24) 



=167r2 - 1 

96m3 



r(M) = ^ [ F-AF- + rjs{dM) 



= ^ + r/s(aM)=0. (5.25) 

We have used the result (15.131) for the ?7-invariant with = 1. In this case, the Euler number (15.241) 
is equal to the instanton number (15.171 ) because there is no boundary correction llSTl [321 . And it is 
straightforward to check the relation (15.151) . 

5.2 Eguchi-Hanson space 

For the product metric 

ds^ = (l - '^y'dr^ + + al) + |(l - (5.26) 
the second fundamental form at the boundary r = tq is 



Note that we have to choose the angular coordinate ranges 

0<e KTv, 0<v?<27r, 0<tlj <27v (5.28) 

to remove the apparent singularities in the metric at r = a. Thus the boundary at oo becomes MP^. 
Then we obtain the following result 

pa ^pa ^ ^ ^2 ^ ^3 /\ 

Oj /\ F |ro— >-oo ~ 0, 

A A a^l^o^oo = -o-^ A cr^ A c^^ (5.29) 
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and get the topological numbers for the Eguchi-Hanson space 

1 

47]-2 



' M 




(5.30) 

r(M) = ^[ F'' A F'' + 7]s{dM) = 1. (5.31) 
6vr^ Jm 

Unlike the Taub-NUT case, there is a nontrivial boundary correction for the Euler number (15.301) . 
Since the instanton number (15.171) does not take the boundary contribution into account, it gets a 
fractional number k = ^ ll30l[32l . One can check that the relation (15.151) is satisfied. 

5.3 Euclidean Schwarzschild solution 

This solution is interesting because it has a nontrivial Euler number [|9]| although it is not a gravita- 
tional instanton. But it turns out that this solution is actually the sum of SU {2)^ instanton and SU {2)ji 
anti-instanton, which explains why it has a nontrivial Euler number. 
Take the product metric 



ds'=(l- —)dr' —Y'dr' + rl{de^ + sin^^^^^). (5.32) 

V ro / V ro / 



The second fundamental form at the boundary r = ro is then given by 



= — KdT, = = Q. (5.33) 

Using the result (14.581) with the definition = ^ti^^^^'Rab, we obtain 

p(±)a ^ p{±)a ^ ±__dr AdnA dr, 

AaW^/^aW^^O. (5.34) 

It is then straightforward to get the topological invariants flU 

X(M) = x+(M) + x"(M) = 2, (5.35) 
r(M) = r+(M) -r-(M) = 0, (5.36) 
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where x+(M) = x~{M) = 1 and r+(M) = r~(M) = | + r]{dM). Hence we confirm that the 
Euclidean Schwarzschild solution (14.561) is the sum of an SU (2) instanton and an anti-instanton. And 
the relation (15.141) implies that r=^(M) = or r]{dM) = -f - Therefore the SU (2) instanton for the 
Euclidean Schwarzschild solution (14.561 ) has the same topological invariants as the Taub-NUT space 
(14.191) [|27l . Note that two instantons belong to different gauge groups, one in SU {2)l and the other 
in SU{2)ji, and so they cannot decay into a vacuum. As a result, the space (14.561) should be stable 
at least perturbatively. One may ask whether this kind of feature is special or general. Remarkably 
it can be shown [|50l that any Ricci-flat four-manifold always arises as the sum of SU{2) l instantons 
and SU (2)^^ anti-instantons. Hence any Ricci-flat manifold should be stable for the same reason. 



5.4 Topological invariant of Yang-Mills instantons 

We have noticed that the instanton number (15.161 ) for (anti-)self-dual gauge fields satisfying (12.131 ) is 
not necessarily integer- valued because it does not take possible boundary corrections into account. 
But the equivalence of the self-dual systems in (12.131 ) and (13.371 ) implies that we need to also consider 
boundary contributions for the topological charge of Yang-Mills instantons defined on a curved man- 
ifold. Thereby we suggest the Chern number for an instanton bundle including boundary corrections 

k = [ F*^ A + I A" AF" ^— [ e'^'^A" A A'' A A" (5.37) 

which can be identified with the Euler characteristic (15.91) in the self-dual gauge, A^~'>"- = 0, with 
the gauge theory normalization Ay^ = —2Aq and Fy^ = ~2F^ and is accordingly integer-valued. 
Note that the boundary term in (15.371) is precisely the Chern-Simons form for the SU{2) vector bundle 
at an asymptotic infinity. 

Now we consider the four-manifold M to have two ends, one at an asymptotic infinity dMoo 
and the other at an inner boundary dMo describing nuts and bolts of gravitational instantons ll33l . 
For example, the inner boundary is at r = m for the Taub-NUT space (|4.19l) and at r = a for the 
Eguchi-Hanson space (|4.30l) . Using the identity F'^ A F°- = dK where 

K = A'' AdA'' + -e^'^^A" A A'' A A" (5.38) 
3 

and the boundary operation dM = OMq — SMqoE one can rewrite the instanton number (I5.37|) as the 
Chem-Simons integral on the inner boundary dMo, i.e., 

^ [ f A" A - -e^^^A'^ A A A^V (5.39) 

Recall that the instanton number (15.371) is simply the expression of the Euler number (15.91) and the 
Euler number x(^) can be determined by the set of nuts and bolts through the fixed point theorem 
(Eq. (4.6) in (33) 

X{M) = tl(nuts) + 2 tl (bolts). (5.40) 



'''' W 



''The sign is due to our choice of orientation. See the footnote S] 
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Then we get a very interesting result that the Chern-Simons integral (15.391 ) on the inner boundary OMq 
simply counts the number of nuts plus the twice of the number of bolts in gravitational instantons: 

k = [ f A" A - -e^'^^A" AA^A A'] = tl(nuts) + 2 tl(bolts). (5.41) 

ISvr^ Jqmo V 6 / 

It is easy to check the result (15.411) for the Taub-NUT space (^(nuts) = 1, jj (bolts) = 0) and for 
the Eguchi-Hanson space (jj(nuts) = 0, tl(bolts) = 1), using the previous results with the relation 
^YM = -2^G and F^^ = -2F-. 



6 Discussion 

Let us go back to the questions we have raised in Section 1 . So far we have focused on the similarity 
between gauge theory and gravitation. A main source of the similarity is coming from the fact that 
the 0(4) -valued 1 -forms uj'^b are gauge fields (a connection of the spin bundle SM) with respect 
to 0(4) rotations as shown in Eq. (13.21 ). Then the Riemann curvature tensors in (13.71) constitute 
0(4) -valued curvature 2-forms of the spin bundle SM. Therefore, the four-dimensional Euclidean 
gravity can be formulated as a gauge theory using the language of the 0(4) gauge theory. Via the 
fact that the Lorentz group 0(4) is a direct product of normal subgroups SU{2)l and SU{2)ji, i.e. 
0(4) = SU{2)l X SU{2)r, the four-dimensional Euclidean gravity can be decomposed into two 
copies of SU{2) gauge theories. In particular, the (anti-)self-dual sector satisfying (13.371) can be 
formulated as an SU (2) gauge theory, as clearly indicated in Eq. (13.331) . 

Nevertheless, gravity is different from gauge theory in many aspects. A decisive source of the dif- 
ference is the existence of a Riemannian metric which does not have any counterpart in gauge theory. 
We highlight some crucial differences between gauge theory and gravitation with the following table: 



Property 


Einstein 


Yang-Mills 


Metric 


gMN{x) or 




Torsion 


dE^ + uj^B AE^ = 




Cyclic identity 


R^B AE^ = 




Einstein equation 


Gmn = SttGTmn 




Coupling constant 


[G] = 


[qym] = 


Symmetry 


Spacetime 


Internal 


Interaction 


Long-range 


Short-range 



The metric is constrained to be covariantly constant with respect to the Levi-Civita connection (|3.9I) or 
equivalently the vierbeins are constrained to be torsion-free, i.e., = dE^ + uj^b A E^ = 0. This 
constraint leads to the result that the spin connections cu^b are determined by potential fields, i.e., 
vierbeins, as Eq. (|3.8I) . As a result, a primary field for gravity is the metric tensor rather than a gauge 
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field (a connection of vector bundle). This extra structure comprises a core origin of the differences 
in the above table. 

Recently one of us showed ll25l (see also recent reviews [|26ll and ll52l ) that Einstein gravity can be 
derived from electromagnetism in noncommutative space. In particular, the vierbeins in gravity 
arise from the leading order of noncommutative U{1) gauge fields and higher order terms give rise 
to derivative corrections to Einstein gravity. Actually the Einstein equations arising from the non- 
commutative gauge fields and the resulting emergent gravity motivate to newly address the questions 
in Section 1 in a more broad context to include noncommutative U{1) gauge theories. For example, 
it was rigorously shown in ||53l that noncommutative U{1) instantons are equivalent to gravitational 
instantons. Therefore, it will be very interesting to find a precise map between noncommutative U{1) 
instantons and Yang-Mills instantons because a particular class of Yang-Mills instantons can be ob- 
tained from gravitational instantons as was shown in this paper. We hope to draw some valuable 
insights from this line of thought in our future works. 

Now our method in Section 3 can easily be generalized to get new instanton solutions by the con- 
formal rescaling method ll38l . Suppose that (M, g) is a self-dual gravitational instanton and consider 
a Weyl transformation given by Eq. (13.431) which can be represented as = Q(x)E^ G T{T*M) or 
Ea = i^'^{x)EA G r(TM) in terms of vierbeins. Under the Weyl transformation, the spin connec- 
tions transform as follow: 

^AB = ooAB + {EslogVLE^ - EAlognE""). (6.1) 

We can apply the decompositions (13.101) and (13.1 II) to the transformed spin connection (16.11) and the 
corresponding curvature tensor R = dco + coAco, respectively. After all, we will get new SU (2) gauge 
fields defined by 

where A^~^^"- are the self-dual gauge fields determined by the original self-dual spin connection cuab 
and 

2lW'^^^r/(f/(EBlogfi)E^ (6.3) 
and the corresponding SU (2) field strengths will be given by 

Now we can make two different choices jzl 

(I) Fi-^^ = leAB^^'F^^^ (6.5) 

(II) Fi"/ = ~\eAB^''F^cir (6.6) 

^It may be worthwhile to compare the solution (16.31 1 with 't Hooft ansatz (see Sect. 4.3. in in singular (the case 
(I)) and regular (the case (II)) gauges. Note that the solution ( 14.911 from the Gibbons-Hawking metric takes the form ( 16.3b 
for the case (I). 
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For the first choice (I), we will get a self-dual Yang-Mills instanton while, for the second choice 
(II), an anti-self-dual Yang-Mills instanton. Then one can show [[501 that, for the case (I), the Ricci- 
scalar R = 'g^'^^ Rmn will identically vanish, i.e. i? = 0, but the case (II) seems to give rise to an 
intriguing manifold satisfying Rmn — ^QmnR = 0. Because the Ricci scalar transforms under the 
Weyl transformation ([3.43|) as Vt^R = ilR — QOg^l where refers to the scalar Laplacian on (M, g), 
we see that the rescaling function must be harmonic, i.e. ^l^^O^Q = 0, for the case (I), taking 
into account that R = 0. But the harmonic function il{x) will allow mild singularities [[38l[ which can 
be removed by a gauge transformation. 

By the same procedure as Eq. ([3.42[ ). the self-dualities in Eqs. ( [6.5[ ) and ([6.6[) can be written as 

~(_) le^^^Q^ ^ ~(_) 

-^MAf = ±0 lE-9MRgNsFpn (6.7) 

^ \/9 



where \/g = ^l^^/g. However, taking into account the conformal invariance of self-duality, we get 
the self-duality equation on the original four-manifold (M, g), i.e., 

_ I ^RSPQ _ 

Fmn = '^^—^^QMRgNsF pQ . (6.8) 

Consequently, we get new Yang-Mills instantons on an original Ricci-flat manifold (M, g) after the 
Weyl transformation ([6.1[) . More details about explicit solutions obtained in this way and their topo- 
logical properties will be discussed elsewhere. 

In this paper we showed that any gravitational instanton is an SU (2) Yang-Mills instanton on the 
gravitational instanton itself. Regarding to this property, there is an interesting theorem (Example 3 
(page 302) in [IT91 and see also Sect. 7 in [i20il ) that there always exists an instanton bundle on an 
ALE manifold M with the instanton number = 1 — ^ (|r| denoting the order of F in M = C^/F) 
defined by ([5.16[) such that the moduli space of self-dual connections on the instanton bundle is a 
four-dimensional hyper-Kahler manifold and coincides with the base manifold M. Inferred from our 
result, the above property seems to be true for other self-dual manifolds. To be precise, suppose 
that Ai{E ^ M, k) is the moduli space of self-dual connections on a vector bundle E over M 
with instanton number k where M is a gravitational instanton. Then, each non-empty, non-compact 
4-dimensional component of the moduli space M.{E M, k) is isomorphic to the gravitational 
instanton itself. It will be interesting to clarify this assertion. 
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